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Abstract 

We present a proof of the irreversibility of renormalization group flows, i.e. 
the c-theorem for unitary, renormalizable theories in four (or generally even) 
dimensions. Using Ward identities for scale transformations and spectral rep- 
resentation arguments, we show that the c-function based on the trace of the 
energy-momentum tensor (originally suggested by Cardy) decreases monotoni- 
cally along renormalization group trajectories. At fixed points this c-function 
is stationary and coincides with the coefficient of the Euler density in the trace 
anomaly, while away from fixed points its decrease is due to the decoupling of 
positive-norm massive modes. 
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1. Zamolodchikov's two dimensional c— theorem 

Fundamental theorems that impose constraints on the long-distance realization of a 
quantum field theory are rare. An instance of such a powerful, non-perturbative tool is 
provided by the t'Hooft anomaly matching conditions |^]. If an ultraviolet (UV) theory has 
an axial anomaly, as a consequence of the Adler-Bardeen non-renomalization theorem 
the anomaly coefficient must be matched by that of its infrared (IR) effective realization. 
This exact result is useful to check the mutual consistency of short vs. long distance 
realizations of a given theory. Yet, the same non-renormalization theorem which provides 
the basis of anomaly matching trivializes the relation between different scales and thus the 
way the IR limit is attained. This motivates the search for other theorems which may add 
further and more general constraints to the IR realization of quantum field theories. 

The mechanism controlling the modification of a physical theory through a change of 
scale is the renormalization group (RG). Following Wilson we may set up an exact RG 
equation which describes the change of the effective hamiltonian of a theory as we fiow 
towards the IR. The derivation of this equation proceeds in two steps: an integration of 
modes (Kadanoff block-spin transformation) followed by a rescaling. Since integrating out 
modes seems an irreversible operation, one is naturally lead to ask whether the RG fiow 
itself is irreversible. This is equivalent to asking whether there is a fundamental obstruction 
to recover microscopic physics from macroscopic physics, or, more generally, whether there 
is a net information loss along RG trajectories. Indeed, realistic quantum field theories 
seem intuitively irreversible; on the other hand, however, it is known that some theories 
may display limit cycles, and thus their RG fiow is manifestly not irreversible. The question 
is, thus, to see under which conditions irreversibility may follow. 

Efforts to answer this question started with the work of ref. , where the perturbative 
expansion of a theory of scalars with interaction gabcd<i>"'4'^4>^4''^ {a^b^ d = 1 . . . N) is 
analyzed up to three loops. The beta functions of the theory turn out to be gradients of a 
scalar function of the couplings, thus yielding irreversible fiows at this order of perturbation 
theory. 

A fundamental theorem was later proven by Zamolodchikov ^ in the context of 
two dimensional field theories. This result is based on the construction of a function 
of the couplings c((7*) from two-point correlators of energy-momentum tensors, which is 
then proven to decrease monotonically along RG trajectories for unitary theories. More 
precisely, defining at the operator level a theory as 

S = g^[o,{x), (1.1) 

one can construct a function c{g'^) whose RG fiow is 

-P^^cig^) = -(3^(3^G,j<0 , (1.2) 

where Gij (known as the Zamolodchikov metric) is given by 

G,j = (Ci(x)Cj(0))|^^^_i > fi = reference scale , (1.3) 
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and is positive definite due to reflection positivity. Because at flxed points the function 
c((7*) reduces to tfie central cliarge of the conformal field theory which defines it, this 
remarkable result is known as the c-theorem. It can furthermore be proven that the beta 
functions are gradients of c{g'^) to the first few orders of conformal perturbation theory, 
namely, in a perturbative expansion around any (gaussian or non-gaussian) fixed point. 

The result of ref. shows that the sought-for necessary condition for irreversibility 
is unitarity. The proof of the theorem makes also use of renormalizability and Poincare 
invariance via the absence of anomalous dimensions for the energy momentum tensor and 
its conservation. The construction of a natural positive definite metric Gij in the space of 
couplings introduces the concept of distance between theories, each defined at a given scale. 
The difference of the c~charges between two fixed points is reparametrization invariant. 
RG equations are simply equations of motion in the space of theories. 

The essence of the c-theorem in two dimensions can thus be summarized as follows. 
For every unitary, renormalizable, Poincare invariant quantum field theory there exists a 
universal c-function which decreases along RG fiows, while it is only stationary at (confor- 
mal) fixed points, where it reduces to the central charge. This sets an arrow on RG fiows, 
and implies their irreversibility. It follows that a theory can be the IR realization of a given 
U V theory only if their central charges satisfy the inequality cir < cuv ■ K is important to 
notice that the identification of the c-function with the central charge at conformal points 
makes its determination possible and thus the theorem useful for realistic applications. 

One may thus conjecture that irreversibility may also hold in four and higher dimen- 
sions. Evidence supporting this conjecture is provided by perturbative computations 0, 
by the non-trivial leading order of the derivative expansion of the exact RG equation 
and by a large number of explicit non-trivial RG fiows However, the generalization 

of the c-theorem itself to higher dimensional field theories has proven to be problematic 
TO| - |T^ . It is the purpose of this paper to present a proof of irreversibility of RG group 



flows in four and higher dimensions. This proof will include and synthesize ideas which 
originate from various lines of research. First and more importantly, we will make use of 
a four-dimensional generalization of the c-function proposed by Cardy . Furthermore, 



our construction will make use of the physical insight provided by the alternative proof 
of the two-dimensional c-theorem of ref. [0, based on the spectral analysis of two-point 



energy-momentum tensor correlators. Combining this with the use of scale Ward identities 
will allow us to prove that Cardy's c-function decreases along RG flows, thus establishing 
the c-theorem in four dimensions, and generally even dimensions. 



2. Spectral proof of Zamolodchikov's theorem 

The meaning of the two-dimensional c-theorem can be understood in a somewhat 



more general way by means of techniques first introduced in ref. [12|, which we now briefiy 
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review. The correlator of two energy-momentum tensors can be written using a spectral 
representation as 



{T^p{x)T^M) = ^ / P^^^ P) - dcpU) {d^d^ - g^^n) G{x, A) , (2.1) 

where A is the spectral parameter (with dimensions of mass), p{X, n) is the spectral func- 
tion, which depends on A and on the subtraction point and G{x, A) is the free scalar 
propagator of a particle with mass A. 

At a fixed point, the spectral function reduces to a delta function 

p(A,^)|,^, = c5(A) , (2.2) 

where the coefficient c, being dimensionless, cannot depend on /i on dimensional grounds, 
and is thus necessarily a constant. This refiects the fact that all physical intermediate 
states in ( ^.1| ) are massless. At an UV fixed point we thus get that 

CUV = / dA p(A,;u) . (2.3) 

By considering p{X, /i) in the vicinity of an UV fixed point it can also be shown explicitly 
that c in eq. ( p.3| ) coincides with the central charge of the conformal field theory. Now, 
the integral of the spectral density cannot depend on fx, again on dimensional grounds, so 
that eq. (p.3|) actually holds for all finite p (i.e. away from the IR limit p —>■ oo). 



On the other hand, in the IR limit only massless modes survive, so that the spectral 
function can in general be written as 

p(A, //) = ciR 5{X) + Psmooth(A, n) , (2.4) 

where the contribution of all massive modes is contained in /9smooth(A, fx). It thus follows 
that 

CuV = ClR + J dApsmooth(A,/U) , (2.5) 

where the second term on the r.h.s. is necessarily /^-independent. Notice that this means 
that the IR limit is not uniform, i.e. it does not commute with the integration over A, so 
that the IR limit of c does not coincide with the constant value cjjv- Finally, unitarity 
guarantees that Psmooth is positive, so 

CUV -ciR>0 . (2.6) 

Several examples illustrating the above construction can be found in ref. ||13|| . 



This alternative proof of the c-theorem provides us with a number of physical insights. 
First, we see that unitarity is necessary for irreversibility because it guarantees positivity 
of the spectral representation. Furthermore, we understand that the decrease of the c- 
function is due to the decoupling of massive modes in the spectrum which appear as 
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intermediate states in the spectral decomposition. Finally, we see that the central charge 
provides an effective counting of massless degrees of freedom, and must thus be an additive 
function: RG flows are then such that the effective counting of massless modes in the IR 
is lower than in the UV. The physical picture is thus the following. At the UV flxed point, 
all modes are massless and appear as a delta term in p. When the scale parameter /i starts 
to move, only some modes remain massless and form cir, the rest acquire a mass and start 
to decouple. In the IR theory only the c//j contribution remains. 

The original proof of ref. is based on the construction of a particular combination 
of correlators, which is then shown to decrease along RG flows. It is now clear, however, 
that the c-theorem can be formulated at the level of the density of states. One may then 
construct many combinations of correlators to prove the theorem, but all of them are 
related to a unique spectral density. 

A technical but important point concerning this proof is related to subtractions in 
the two-point correlator (p.lj ). The variation Ac = cuv — cjr is given by the integral of 
Psmooth which is free of subtraction ambiguities, as it picks up the non-local contribution 
of intermediate massive modes. In other words, Ac can be computed from the imaginary 
part of (TT), which is free of contact terms and, thus, scheme independent. However, 
the correlator itself is only defined up to contact terms, which can be freely changed by 
choice of renormalization scheme. This freedom is restricted by the fact that the energy- 
momentum tensor obeys an algebra which fixes the relative subtractions in one- and two- 
point functions. This point will be of great relevance in the proof of the c-theorem in four 
dimensions. 

A first important obstacle in trying to generalize the spectral arguments to higher 
dimensions is due to the fact that the proof of ref. [H makes essential use of a peculiar- 
ity of two dimensions, namely the fact that there is no spin. It follows that correlators 
of two energy- momentum tensors are saturated by spinless intermediate states, i.e., the 
response to scale and shear transformations are controlled by one single spin structure. 
In four (and higher) dimensions, we find two separate structures in the spectral decom- 
position: one corresponds to spin-zero and the other to spin-two intermediate states. A 
number of branching avenues thus opens as one tries to define a candidate for a c-function 
H'H'IIH]' may in particular conjecture ^ that the natural generalization of the 



theorem should lie in the spin-zero part of the spectral decomposition of the (TT) corre- 
lator, on the grounds that this is related to the trace of the energy-momentum tensor and 
thus to the response of the system upon dilatations. However, dimensional analysis shows 
that in d dimensions 

p^P^^=\X,t)l^^ = c\''-H{X) , (2.7) 



that is, the would-be analogue of c in eq.( p.2|) is now inaccessible to physical observables 
as it multiplies a vanishing distribution for d > 2. 



3. Cardy's proposal for a c— charge 

A different avenue towards the derivation of a higher-dimensional generalization of 
the c-theorem is based on reconsidering the role of the central charge in conformal field 
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theories which underhes the two-dimensional proof. RecaU that the central charge of a 
conformal field theory appears as the coefficient of the identity operator in the operator 
product expansion (OPE) of two energy- momentum tensors 

T{z)m^^I + ... . (3.1) 

and, consequently, in the numerator of the (T(z)T(O)) correlator. Now, c can also be 
understood [|16[ as the coefficient of the trace anomaly of a conformal field theory in 



curved space 

{T:)cft = {0)cft = -^R . (3.2) 

Moreover, the integrated trace anomaly turns out to be proportional to the Euler number, 
x(M), of the background manifold M 

f V9{0)cft = [ V9R = -c^ X(M) . (3.3) 

The central charge can thus also be viewed as the coefficient of a contribution to the trace 
anomaly which admits a topological interpretation. 

This different understanding of the central charge suggests a new generalization to 
higher dimensions |jT^ : At fixed points, the c-function should reduce to a coefficient hidden 
in the trace anomaly. In four dimensions, we explicitly have |T7| , p!8[ 

{0{x))cft = ^ {-3cfF{x) + cgG{x) + CRnR{x)) (3.4) 

where 

171 d2 r) p2 _|_ ^ d2 

■'- ^^.vpa ^iJLvpa ^^p,v ' o /o r-\ 

-J (3.5) 

G = R%pa - ^Rfiu + ■ 

The coefficients cp and cq seem a priori equally good candidates for the c-functions, while 
isn't, since it multiplies a divergence operator and it is thus scheme dependent. The 



coefficient cf, however, which can be shown |12] to coincide with the positive coefficient 
of the spin-two structure in the correlators of two energy-momentum tensors, is found not 
to decrease along RG fiows in specific examples, and is ruled out. 

The only remaining possibility is thus cq- This can be singled out by taking an integral 
over e.g. a sphere, 

where x{^) = /g™ ^/d^ is the Euler characteristic of the manifold. The cjj contribution 
then vanishes because it is a total derivative, while the cp contribution vanishes because 
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it is proportional to the square of the Weyl tensor and the sphere is conformaUy flat. It is 
thus natural to propose fl^ to consider the integrated trace anomaly on a sphere 



V9{0) (3.7) 

S" 

as a candidate for the c-function in higher (even) dimensions. Notice, however, that away 
from conformal points a variety of different choices for the c-function is possible, all of 
which reduce to the same c-charge eq. ( |3.6|) at conformal points: namely, any combination 
of the charge of eq. ( p.6|) and terms proportional to the beta-functions of the theory. 
In particular, the choice eq. (|3.7|) itself, away from conformal points, does not reduce 
to the charge of eq. ( |3.6| ), since the trace of the energy momentum tensor then receives 
extra contributions (proportional to the beta functions) on top of it, due to the breaking 
(canonical and anomalous) of dilatation symmetry. 



The candidate c-function eq. (|3.7|) can be determined in the first few orders of confor- 
mal perturbation theory and shown explicitly to decrease along RG fiows fl^. However, 
in order to establish a general theorem one must determine the variation of eq. ( p.7| ) along 
generic RG trajectories. Naively, this is related to the correlator of two traces of the en- 
ergy momentum tensor, but this contains subtractions which render the proof of positivity 
non-trivial. 

The c-function eq. ( |3.7| ) has a number of desirable properties. It is based on the energy- 
momentum tensor, which exists for any theory and couples to all degrees of freedom. It is 
related to the integrated trace of this operator, which generates scale transformations, and 
thus implement RG fiows. Finally, it is additive, as required for a function that should 
count effective degrees of freedom. 

On the other hand, the need to resort to a curved background may seem unnatural. 
However, the coefficient cq is also unambiguously determined as a coefficient in three point 
functions of the energy momentum tensor. In general, in d = 2n dimensions, anomalies 
show up in n-fl-point functions, as well as in the one-point trace anomaly in curved space, 
and the choice of the latter form is a matter of technical convenience. The background 
metric plays here a similar role to that of an external current when discussing anomalies 
in fermionic loops. 



The conjecture that c defined in eq. (3]7) may be a candidate for the c-function has 



been tested in various ways. First, this c-function can be verified to be positive in all 
known conformal field theories. This fact can be related to a modified weak positivity 



theorem in quantum field theory [^. Furthermore, it can be explicitly checked that the 
coefficient of the trace anomaly obeys the desired inequality eq. ( |2.6| ) in an impressively 
large number of non-trivial cases where the UV and IR realizations are known exactly . 
Finally, it can be shown that no combination of Ci;' and cq can satisfy the inequality except 
CG itself [|. 

A different proposal for a c-function away from conformal field theory, consisting of 
a different combination of the charge eq. ( |3.6| ) and a term proportional to has also 
been considered (see also ref. pOj). Of course, this candidate c-function also passes all 
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successful tests based on the difference of UV and IR c-charges, which only depend on the 
value of the function at conformal points. We will not discuss this interesting possibility 
further and concentrate on Cardy's conjecture eq. ( p.7|) . 



4. Proof of irreversibility 

We will now present a proof of irreversibility of RG trajectories for the trace of the 
energy-momentum tensor in four dimensions. Our proof will actually remain valid for 
any even number of dimensions. We will consider the integrated trace of the energy- 
momentum tensor on curved space. For simplicity, we take a (i-dimensional maximally 
symmetric space, where the energy-momentum tensor satisfies 

{T^-{x)) = {e)^^, (4.1) 

where (9) is an x-independent constant, so that integration of the trace over space amounts 
to a volume factor which can be absorbed in the normalization. We further take the 
curvature to be the negative constant R = —a?d{d — 1), where a is a constant parameter 
with the dimensions of mass. None of these choices entails loss of generality, even though 
in the generic non-compact case, where the volume is infinite, the space integration has to 
be defined more carefully. 

We then define a dimensionless c-function depending on the subtraction point ii and 
the renormalized couplings as 

where V is the volume of the {d — 1) -dimensional sphere and is a normalization factor 
which we fix as 

^ = ^ , Aa = Ba{d{d-l))iv, (4.3) 

Bd being the Bernoulli numbers. With this choice the anomaly for a conformal theory of 
a massless scalar is 

{e).,, = Ba{-R)i = ^, (4.4) 

thus, 

c = 1 for a massless scalar . (4-5) 
Furthermore, c = 11 for free massless fermions and c = 62 for vectors Ijl^,^ . 
The operator 6 can be further decomposed as 

G = San + Gdyn , (4.6) 



7 



where Odyn, which we caU the dynamical trace anomaly (also called internal anomaly), 
carries all the dependence on the beta-functions of the theory 

Odyu = P'O, . (4.7) 

Note that masses are treated as couplings and therefore contributions to the trace of the 
energy-momentum tensor which are present at the classical level are included in Odyn- At 
fixed points, 9dyn vanishes and 9 reduces to the background anomaly, which is proportional 
to the identity operator: 

{0)cft = {Oan)cft = cBd{-R)i . (4.8) 

Because of the x-independence of (6*), the function c{^,g'^) only depends on the sub- 
traction point fx explicitly through the dimensionless ratio fi/a and, implicitly, through the 
renormalized couplings g^. Furthermore, since the energy-momentum tensor has vanishing 
anomalous dimension (being a conserved current), the c-function obeys the homogeneous 
RG equation 

,4-c(^J)^(,l+ns)^)c(tA=0. (4.9) 



d/U V a ' / \ dfi dg^ J \a 

Note that g"^ stands for all the couplings in the theory, including those to the background, 
as well as masses and any other dimensionful parameters. The couplings are all rendered 
dimensionless by dividing out the appropriate power of /U (as it is customary in the Wilso- 
nian renormalization group approach). The explicit fu, dependence can be traded for the 
dependence on the only dimensionful physical parameter a, leading tcH [g 

Now, in a symmetric space, a rescaling of a is equivalent to a general scale transformation: 

However, the response of a generic Green function for a composite operator 0{y) to scale 
transformations is fixed by the scale Ward identity pT| - |23|| : 

-2g-^{x)j^^^{0{y)) = -V,{jUx)0{y)) + 6^''\x-yX^^^^ {4.12) 

where j^(x) is the dilatation current, whose charge generates scale transformations. The 
second term on the r.h.s. of eq. ( [4.12| ) gives the canonical scale transformation of the 
operator SsO{y) = 7e)0(?/), where ■jo is the dimension (engineering plus anomalous) of 



^ The same result can be of course obtained by first solving eq. ( [4.9D in terms of running 
couplings (■^); where A is a RG invariant dynamically generated scale, and then differentiating 

with respect to o. 
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the operator 0{y), while the third term is the anomalous divergence of the dilatation 
current, which satisfies the anomaly equation 



V^f^ix) = e{x) (4.13) 



at the operator level. All the operators in eqs. ( 4.12|) -( ^.13| ) are renormalized composite 



operators the expectation values correspond to T*-ordered proper Green functions, 
i.e. only receive contributions from connected diagrams.! 

The scale dependence of c(^,(7*) can be obtained by integrating the anomalous scale 
Ward identity eq. ( [4.12| ) over all space, and specializing to the case in which 0{x) = 9{x). 
Upon integration, the contribution proportional to the divergence of the current provides 
a surface term and thus vanishes exponentially unless there is a massless particle (dilaton) 
in the spectrum which couples to V^j^ and 9. The anomalous dimension of 9 vanishes and 
its engineering dimension coincides with the space dimension, so 70 = d. Furthermore, the 
anomalous contribution 9an to the energy-momentum tensor eq. ( [4.6|) , being proportional 
to the identity operator, can only contribute to the one-point Green function, but not to 
n-point proper Green functions of 9. It follows that the trace Ward identity for 9 reads 

a— (9) = - I d''x^/^{9dyn{x)9dynms + d{9), (4.14) 

where the subscript on the two-point function indicates that the surface (contact) contri- 
bution due to the current divergence term when dilatons are present has been included as 
a subtraction in the definition of the correlator. Note however that, quite in general, no 
dilaton contribution is expected, in which case the correlators (99) s simply coincides with 
the T* ordered correlator which appears in the Ward identity eq. ( ^.12| ). 

The scale transformation of c(^, (7*) is thus fully determined as 



d a 



-d 



a—c 



da Ar 



d''x^^{9dyu{x)9dyums ■ (4.15) 



The contact term due to the canonical transformation of 9 upon dilatations is exactly 
canceled by an equal and opposite contact term due to the dimensionful factor a~'^ which 
relates 9 to the dimensionless c-function. Furthermore, 

{0{x)9{mnon local = {0 {x) dyj {Q) dyu) s = (O. (x) (0) ) , > 0, (4.16) 



^ It may be instructive to compare the scale Ward identity eq. (4.12) with the well-known 
chiral Ward identities which describe the way chiral symmetry is realized, for instance in QCD or 
in the sigma model. In the chiral case, the dilatation current is replaced by the axial current 

. Since chiral symmetry is an internal symmetry, the l.h.s. of eq. ( [4.12| ), which corresponds 
to the transformation of the space-time coordinates, is then simply zero. In the absence of an 
axial anomaly (for instance in the non-singlet sector) the last term on the r.h.s. of eq. ( [4.12 ) 



also vanishes. The two remaining terms are then either separately zero, or else must cancel. 
The latter case, in which there exists a chirally non-invariant operator O with a non-vanishing 
vacuum expectation value, and a massless mode that couples to the divergence of the axial current, 
corresponds to the Goldstone realization of the chiral symmetry. 
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where the last inequahty can be derived from positivity of the spectral representation along 
the lines of the argument presented in sect. 2, and will be discussed in the next section. 
We conclude that 



-(3'd,C = J d'^X ^M^{eix)dynO{0)dyn)s < , (4.17) 

thus establishing the desired result, i.e. the monotonic decrease of c(^, g'^) along RG flows. 

Note that at flxed points c coincides, up to a normalization, with the coefficient of the 
Euler density in the trace anomaly and its derivative is consistently zero. Away from fixed 
points a positive definite, invertible, scheme-dependent metric in the space of couplings 
can be defined as 

Grj = ^ /d''^ ^/^{O,{x)O,{0))s . (4.18) 

It is then easy to show, along the lines of the two-dimensional argument of ref. |^] , that to 
the first few orders of conformal perturbation theory 

= G'^djC , (4.19) 



i.e. the beta functions are gradients of the c-function. 

The physical interpretation of eq. ( [1.17| ) is simple. The RG fiow of c(^, (7*) is related 
by the Ward identity to scale non-invariance and hence to the presence of massive states 
in the Hilbert space. The monotonic decrease of the c-function when moving towards the 
IR is controlled by the decoupling of these massive modes from the correlator eq. ( [4.16|) . 
At fixed points, no such modes are present and the c-charge is accordingly stationary. 
The c-function thus provides an effective counting of massless degrees of freedom in the 
theory. By deriving the positivity of the correlator eq. ( [1.16| ) from that of the spectral 
representation (see sect. 5 below) the monotonic character of the decoupling is directly 
derived from the unitarity of the spectrum. 

We shall now discuss in somewhat greater detail some technical issues which we have 
set aside in our proof of the theorem, specifically in relation to the choice of the background 
metric and to the precise definition of subtractions in the definition of Green functions. 



Background metric 

As explained in sect. 3, the background metric is used as a device to deal with the 
coefficient of the Euler density in the trace anomaly, which is also present in correlators of 
three point functions in flat space . For the sake of deflniteness, we chose to present our 



argument in the hyperbolic space Hd- This space is maximally symmetric and provides the 
natural Euclidean continuation of anti-de-Sitter space. Unlike what happens on the sphere, 
massive propagators decay at inflnity, as we shall see in the next section. Nevertheless, the 
proof of the Ward identity is easily generalized to a form which makes no explicit reference 
to the choice of background metric. 
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Specifically, the c-function can be generally defined as 



Cm 



d-^x v^(^(x)) , (4.20) 

M 



where 6 is defined as the trace of the energy momentum tensor, 9{x) = T^{x). In general, 
scale transformations are implemented by ( [4.11| ) and it then follows that 

5sCM = ^/d'^ ^^^^""^J^^ix) I "^'y V^(^(y))- (4.21) 

The contact term in the Ward identity eq. ( [1.14|) is then removed by the contact term due 
to the variation of on the r.h.s. of eq. ( [4.21| ), thus implying 

SsCM = ^ J d'^x.M^ J d'^y^Mj) {Odynix)edynms , (4.22) 

which is the general form of the Ward identity satisfied by the c-function. 

Even though the Ward identity which expresses the scale variation of the c-function 
is easily generalized to generic space, the proof of positivity of the correlator on the r.h.s. 
of eq. ( [4.17| ) in sect. 5 will make crucial use of the assumption that space is maximally 
symmetric: on generic spaces, positivity of the correlator (|4.22|) is not guaranteed. In 



fact, the c-charge eq. (|3.7|) on a generic space will also pick up contributions proportional 
to the cf and cr terms in eq. (|3.5|), but it has been shown by explicit computation 
that no combination of the cp and cq coefficients decreases in general along RG fiows. 
Here, we are only interested in the validity of the c-theorem in the fiat space limit. We 
will therefore not address the issue of classifying the properties of the background space 
which are necessary and sufficient for the c-theorem to hold, and we will limit ourselves 
to establishing our result on Hd- 



Subtractions and scale Ward identities 

All the arguments in the proof of irreversibility are done at the level of renormalized 
correlators. This means that first, we must define precisely the subtraction scheme used to 
define the one-point function (^), and furthermore, we must fix the contact terms which 
in general appear in the definition of the two-point function {9{x)9{y)) . 

The guiding principle in this issue is provided by the Ward identities. Specifically, the 
scale Ward identity eq. (|4.12| ) is derived upon the assumption that the energy-momentum 



tensor is equal to the variation of the renormalized action upon diffeomorphism, which in 
turns means that 

iVgT-f'ix)) = -2f/^ (4.23) 



(where V is the volume of the d — 1-dimensional sphere eq. ( [4.3|) ) , so that the 6 one-point 
function is defined as 

S 



,M^{e{x)) = -2Vg^pix)- — InZ. (4.24) 

dgcp{x) 
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Furthermore, the Ward identity eq. ( [4.12|) only holds for the specific choice of contact 
terms in the definition of correlators of composite operators such that equations of motion 
are satisfied at the operator level by the renormalized operators . For the correlator of 
two traces of energy-momentum tensors this means that 

^ei.ny)}-^V-^'-^y\^'-^y\-J^Z^2Vii^ . (4.25) 

With this definition, the correlator reduces to a purely dynamical contribution and thus 
vanishes at conformal points. 



Different definitions of the correlators are of course possible: for instance, in ref. [0 
the correlator is constructed to satisfy covariant conservation 

V^(T'^"T-^)cc = . (4.26) 

This fixes the contact terms as 

{^T^''{x)^T-f'iy))cc =^V \ \ \ InZ 



+ -^{0)S''{x - y)^ (g^^g^P - g^^'^g^^^ 
which then implies 

-2g^p{x)-^{e{y)) = l,/^){e{x)eiy))cc (4.28) 

instead of the Ward identity eq. ( [4.12| ), i.e., with this definition, the contact term which 
appears on the r.h.s. of the Ward identity is included in the definition of the correlator. It 
thus follows that 

{0{x)9{y))cc = {0{x)9{y))s + d y (^)^^^i^^. (4.29) 

Of course, the cancellation of contact terms leading to eq. (^4.17| ), which follows from the 
fact that c(^, (7*) is a dimensionless object, will always take place regardless of the choice 
of scheme; however in different schemes the Ward identities will look different. 



5. Spectral analysis and positivity of correlators 

Unitarity implies that all the states in the Hilbert space of a theory have positive 
norm. The spectral representation of a two-point correlator is based on saturating the 
correlator with a resolution of the identity made with all the physical states in the Hilbert 
space of the theory. In this way, unitarity translates into positivity of correlators. We will 
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now use this general framework to prove the positivity of the two-point function of Odyn 
eq. ( [4.17| ) which is needed to complete our proof. 



The states in the Hilbert space of a theory provide representations of the symmetry 
group of space-time. In our case, the background geometry is the hyperboloid H^, which 
is understood as a Wick rotation of AdSd- The corresponding isometry group is then 
SO{d — 1,2). A discussion of the basic elements of this group and the construction of 
spectral representations in Hd can be found in refs. P3| , |2^ and [r^| whose notations and 
conventions we will follow. 

The spectral representation for the renormalized two-point correlator of the trace of 
the energy-momentum tensor reads in general 

/"OO 

{e{x)e{0)) = Ada''-^ / dXp(^X;^,g') {A + da^fGx{z) , (5.1) 

where A is the spectral parameter, p(A; ^,g^) is the positive spectral function which de- 
pends on the spectral parameter, on the dimensionless ratio fi/a and on the renormalized 
couplings (7*, and G\ is the propagator of a scalar particle carrying the highest weight 
representation of SO{d — 1,2). Notice that eq. ( p.l|) will hold for any choice of contact 
terms in the definition of the correlator. 

The explicit form of the highest-weight propagator is 



d-2 



G'a = — r ^ {z'-l)^Q;rA^) , (5.2) 
2tv2 V 2 y ^2 

where Q^(2;) are associated Legendre functions and z = cosh ar. This propagator decays 
at infinity as ^"'^ and satisfies by definition 

{A + a'c2{X))G^ = ^^ , (5.3) 

where C2(A) = A(A — d + 1) is the second Casimir operator of the group. The unitarity 
bound for scalar representations is A > (d — 3)/2. The value of Cs(A) is related to the mass 
of the intermediate state by 

- ^i^^a^ = a^X(X - d + 1) . (5.4) 



The second term in the l.h.s. of eq. ( |5.4| ) is due to the coupling of the fields to the curvature 
required to preserve conformal invariance of the massless theory at the classical level; a 
massless scalar corresponds thus to the representation A = |. 

Using the definition of the propagator eq. (|5.3| ) the spectral representation eq. ( [571] ) 
can be explicitly rewritten as 



{e{x)em = Ada"-^ I dA p(A;^,^-) (A -fc^a^) \ / ^^i//^ " (^.5) 
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Prom this expression it is apparent that, within the unitary region A > (li — 3)/2, the 
spectral representation becomes local in space if and only if X = d. For this value, the 
correlator reduces to a pure contact term: 

p f A; ^, g') oc 6{X - d) ^ {0{x)9{0)) oc a'^'^ (A + da^) J^M=- . (5.6) 

This case corresponds to that of a conformal field theory. This is thus also the lowest value 
of the spectral parameter A, i.e. Xmin = d, as required demanding that the correlator of 
two c-functions be well-behaved at spatial infinity [jl2l . 



It is important to notice a fundamental difference between the spectral representation 
in fiat space (relevant for the two-dimensional construction of sect. 2) and curved space. 
In flat space, the coefficient of the delta contribution is constant on dimensional grounds. 
As a consequence, the IR limit is non-uniform, and the IR and UV values of the central 
charge are related by an additive scale-independent constant. In curved space, an extra 
scale is available, so that the general form of the local contribution to the spectral function 
is 

p(A;^,<7^) =p(^,<7^) 5{X-d) . (5.7) 
At fixed points the whole spectral function reduces to 

— 'Pen p(A,t) — >pcftS{X-d). (5.8) 

However the value pcft is attained through smooth variation of the function p (A; ^,(7*) 
along the fiow; therefore, we cannot simply derive the irreversibility of the fiow from a 
comparison of the UV and IR limits, as in sect. 2: a study of the derivative of the c- 
function along the fiow, such as that of sect. 4, is required to prove the c-theorem. 

Now, in order to prove positivity of the correlator which gives the evolution of our c- 
function, eq. ( [4.17|) , we must specify the precise definition of the correlator. The definition 
used in the Ward identity is characterized by the fact that only 9dyn, proportional to the 
beta-functions, contributes to it. Furthermore, the surface (contact) contribution coming 
from the current divergence term upon integration of the Ward identity eq. ( [4.12|) is also 
included in the correlator. However, consider surface contributions to the unintegrated 
Ward identity eq. (|4.12| ) with O = c(^,(7*). The l.h.s. of the equation is manifestly 
vanishing, since surface contributions to c(-, g^) single out its constant IR limit. Therefore, 
on the r.h.s. the surface contribution from the current divergence must exactly cancel 
the current correlator. But at infinity massive contributions decouple, so the latter also 
reduces to the contribution of intermediate massless states to the spectral decomposition 



of eq. ( |5.5|) . In other words, the contribution of intermediate massless states to the 6- 
correlator exactly matches the surface contribution from the divergence of the dilatation 
current, consistently with the anomalous conservation law eq. (|4.13|) . The physical origin 
of the ensuing cancellation is simple: the anomalous scale dependence of the c-function is 
driven by the scale-dependence of the vacuum, controlled by the trace anomaly through 
the {99)s correlator, and massless intermediate states decouple from it. 
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The correlator appearing in the Ward identity ( [4.14|) is thus free of contact terms: 



{edyu{x)edy^m,=Aaa''-^ r dXplx-A.g') i^ + da^fCxiz) , (5.9) 

Jx=d+e \ a / 

where e denotes that the contact term has been removed. All intermediate states are 
massive and yield non-local contributions to the correlator. At fixed points the whole 
correlator vanishes since massless modes do not contribute to it. Then, upon integration 
we find 

d''x^){eayn{x)eaynm = -^^a" / dA \ ' " > , (5.10) 

which is a scheme-independent statement and establishes the result we set out to prove: 
unitarity imposes the positivity for the correlator that controls the sign of the change 
of c(^,(7*). Notice that the explicit form of the spectral representation eq. (|5.5|), the 
cancellation of long-distance contribution responsible for the absence of contact terms in 
the correlator eq. (pT9|), and the positivity of the spectral function p are all derived upon 
the assumption that space is maximally symmetric. 



6. An explicit example 

In order to illustrate our proof of the c-theorem we study now a simple explicit 
example, namely, the case of a free massive scalar field in the hyperbolic background H4. 
We will thus be able to check the scale Ward identity and the manifest positivity of the 
c-function in a simple setting. 



The relevant field theory is discussed in refs. [^,12,2^ to which we refer for details. 
The bare trace of the energy-momentum tensor is 

e{x) = Vm^cf^^x) , (6.1) 

with 



^ = (A-2)(A-l)=a2-- . (6.2) 

We can verify explicitly our c-theorem eq. ( [1.17|) by computing the c-function, demonstrat- 
ing that its derivative is indeed given by a correlator free of contact terms, and checking 
the positivity of this correlator. 



The c-function is given by eq. (^3) terms of the trace anomaly which, for the theory 
at hand, has been determined in ref. (see also ref. [^Sf): 



a J \ \ 2/ a J 4\a/ 6Va/ 30/ 
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where 'i(j{z) is the polygamma function and is a renormahzation scale. In order to fix 
the renormahzation scheme, we require that the m — > oo hmit (IR hmit) be a trivial fixed 
point. This corresponds to the fact that in this limit there are no propagating modes. 
This means that we require {0)iji = lim^^oo(^) = 0, which fixes uniquely log ^ = |- The 
c-function is thus completely determined as 



In order to verify the theorem we must now compute the correlator of two energy- 
momentum tensors, which, recalling that the scalar propagator is Gx, is simply found to 
be 

{eix)e{0))p,rt = 2W iGx{z)f . (6.5) 

This expression manifestly needs renormahzation since the product of two propagators 
which appears on the r.h.s. is not a distribution. Furthermore, the perturbative definition 
of the correlator implicit in eq. ( |6.5| ) does not necessarily coincide to that used in the Ward 
identity ( [4.12| ) , so we will also need to perform an extra subtraction in order to be able to 
compare to eq. ( |4.17| ). 

The UV divergence of the correlator is clearly seen when considering the integrated 
correlator, 

T/3 roo 

d^x ^/^{9ix)9{0)),,rt = ^m'' dz {Qi_^{z)y , (6.6) 

which displays a log singularity at z = 1. A simple way to renormalize it consists of 
using differential renormahzation [^^, whereby the integrand on the r.h.s. of eq. 



is rewritten by pulling out a derivative, which is then understood to act on its left side 
in the sense of distributions. This softens the singularity and renders it integrable while 
leaving the integrand unchanged away from the singular point. In our case, this amounts 
to writing 

(Qi-2W)' = -^(v^^QA-2(^)QL2(^))-QA-2(^)^(v/^^gl-2(^)) , (6-7) 

where the total derivative is understood to act on its left. We can then perform the 
2;-integral and get a finite result by using 

'dziQx.,iz)f = ^t^^^. (6.8) 



This result is still only defined up to a choice of renormahzation scheme, i.e. a polyno- 
mial in m, which we may again fix by requiring the IR limit to be trivial, i.e. by subtracting 
from the correlator its m — oo limit. This prescription in principle still allows the sub- 
traction of terms which are subleading in the IR limit, i.e. inverse powers of m. These 
must however all vanish because they would diverge in the UV limit. Note also that no 
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massless infrared modes are present in this example and thus no subtraction of the surface 
term related to these modes (as discussed below eq. ( [4.14| )) is required. We thus get 



d^x {Oix)eio)) 



pert 



4 



/m\6 i/;'(cr + I) /m\4 1 /m\2 2 



\ a ) ^ 3 \ a 



We can now determine the subtraction required to define the correlator 
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(6.9) 



d^x (^(^)^(0)) = / d^x {9{x)9{0))p,rt + ^ c (^) (6.10) 



by imposing that the correlator vanishes at the conformal point, i.e., specifically, that it 
vanishes as m — 0. This fixes k = —4, thus showing that the perturbative definition of 
the correlator coincides with the covariantly conserved one eq. (|4.27| ) . With this choice we 
see explicitly that the correlator is equal to the derivative of the c-function, thus verifying 
the c-theorem eq. ( [4.17| ) : 



d /m , 
a— c — ) =30 
oa \ a 



m\ 6 '0'(cr + I) 

a J a 



4,^)%(..i 



m /m\4 1 /m\ 2 



+4 - log-+(-l 

\ a / a \ a / 6 \ a / 



(6.11) 



We can now check explicitly that the c-function and its derivative satisfy the desired 
properties. Note in particular that according to eq. ( |6.11 ) the derivative of the c-function 
is positive and proportional to m^, that is, to the square of the beta-function. Plots of the 
c-function and its derivative are displayed in Fig. 1. We can finally get the Zamolodchikov 
metric directly from eq. (|6.11 ), by dividing it by m^: the metric is positive definite and 



invertible away from the fixed points. 



7. Anomaly constraints 

We can summarize the results we have obtained in the following way. Irreversibility 
of RG fiows in four-dimensional (or, more generally, even-dimensional) renormalizable 
quantum field theories follows from unitarity. The integrated trace anomaly plays the 
role of a c-function which decreases along RG trajectories. This c-function is stationary 
at fixed points, where it gives a c-charge that coincides with the coefficient of the Euler 
density in the trace anomaly. Irreversibility is established using the scale Ward identities, 
and affords a very natural physical interpretation: the decrease of the c-function along the 
RG fiow is due to the decoupling of intermediate massive states from the Hilbert space. 
At fixed points the c-charge is additive and counts effective degrees of freedom. 

The c-theorem provides a new instrument to relate short- vs. long-distance realiza- 
tions of quantum field theories. The set of constraints emerging from the combination of 
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c' (m/a) 



-0 . 1 



-0.2 



-0 . 3 



-0 . 4 



m/a 




m/ a 



Figure 1: The function c{m/a) and its logarithmic derivative c'{m/a) = —a-^c{m/ a). 



't Hooft anomaly matching and the irreversibility of RG flows can be dubbed anomaly 
constraints. Axial and trace anomalies are characterized at flxed points by coeflicients 
(charges) that multiply topological terms. The behavior of these charges under RG trans- 
formations is not the same: axial anomalies are protected by the Adler-Bardeen non- 
renormalization theorem and thus scale-independent, v^^hereas the trace anomaly scales in 
an irreversible way. 

The power of anomaly matching relies in that it requires exact matching of the charge 
at all scales, while its drawback comes from the need of the corresponding axial symmetry 
to be present in the theory in the flrst place. On the other hand, the decrease of the 
c-charge along RG flows is of more general nature since it exists for any theory. The 
constraint coming from its irreversibility, however, is an inequality rather than an exact 
equality. 

The way this inequality is satisfled seems to be related to the way symmetries are 
realized at various scales. Indeed, with the deflnition [10| of the c-function which we 
studied, the c-charge of free fermions and vectors are larger than the one associated to 
scalars. This suggests that, very crudely speaking, scalars should be "preferred" in IR 
realizations. This agrees with the empirical observation that in many cases in which the 
decrease of the c-function can be verifled by explicit computation, this turns out to be 
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due to the fact that the IR theory displays spontaneous chiral symmetry breaking and 
thus contains Nambu-Goldstone scalar bosons. One is thus lead to speculate that the fact 
that chiral symmetry is realized in the Nambu-Goldstone mode at low energy and in the 
Wigner-Weyl mode at high energy in realistic theories such as QCD may be due to a deep 
interplay between scale and chiral symmetry. 
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